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Abstract We develop tools for investigation of input-to-state stability (ISS) 
of infinite-dimensional control systems. We show that for certain classes of ad- 
missible inputs the existence of an ISS-Lyapunov function implies the input- 
to-state stability of a system. Then for the case of the systems described by 
abstract equations in Banach spaces we develop two methods of construction 
of local and global ISS-Lyapunov functions. We prove a linearization princi- 
ple that allows a construction of a local ISS-Lyapunov function for a system 
which linear approximation is ISS. In order to study interconnections of non- 
linear infinite-dimensional systems, we generalize the small-gain theorem to 
the case of infinite-dimensional systems and provide the way to construct an 
ISS-Lyapunov function for an entire interconnection, if a ISS-Lyapunov func- 
tions for subsystems are known and the small-gain condition is satisfied. We 
illustrate theory on examples of linear and semilinear reaction-diffusion equa- 
tions. 
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input-to-state stability • Lyapunov methods • linearization 



1 Introduction 

The concept of input-to-state stability (ISS) introduced in [30] is widely used 
to study stability properties of control systems with respect to external inputs. 
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Within last two decades different methods for verification of the input-to-state 
stabihty of finite-dimensional systems were developed. For a survey of recent 
results in the ISS theory see [32] and [5], the connection of ISS and circle 
criterion can be found in [18]. In particular it is known that the method of 
Lyapunov functions together with small-gain theorems (see [19], [8], [10], [20]) 
provides us with rich tools to investigate input-to-state stability of control 
systems. 

Apart from systems based on ordinary differential equations the ISS con- 
cepts were applied to hybrid, switched and impulsive systems: [16], [36], [2]. 
But for input-to-state stability of infinite-dimensional systems, with an impor- 
tant exception of time-delay systems (see, e.g. [27], [20]), less attention was 
devoted. In [6] some basic results for certain classes of reaction-diffusion sys- 
tems were presented. In the paper [23] the ISS of semilinear parabolic equations 
has been studied with the help of strict Lyapunov functions. 

We study both local and global ISS of infinite-dimensional control systems. 

Our first main result is that for abstract control systems under certain 
assumptions on the class of input functions from the existence of a (local or 
global) ISS-Lyapunov function it follows (local or global) ISS of the system. We 
show that our definition of the local ISS-Lyapunov function is consistent with 
the standard definition of local ISS-Lyapunov function for finite-dimensional 
systems. 

In the next part of the paper we exploit semigroup theory methods and 
consider infinite-dimensional systems generated by differential equations in 
abstract spaces. For such systems we develop two methods for construction of 
ISS-Lyapunov functions for the control systems. 

To study interconnections of n ISS subsystems, we generalize small-gain 
theorem for finite-dimensional systems [7], [10] to the infinite-dimensional case. 
This theorem allows a construction of a Lyapunov function for the whole 
interconnection if the Lyapimov functions for subsystems are known and the 
small-gain condition is satisfied. The ISS of the interconnection follows then 
from the existence of the Lyapunov function for it. 

The local ISS of nonlinear control systems can be investigated in an anal- 
ogous way (see, e.g., [9]), but also another type of results is possible, namely 
linearization technique, well-known for infinite-dimensional dynamical systems 
(without inputs) [15]. We prove a linearization theorem for nonlinear control 
systems over Hilbcrt spaces, which providers a form of a LISS-Lyapunov func- 
tion for a nonlinear systems, if the linear approximation of the system is ISS. 

Throughout the paper we use either classical solutions of partial differential 
equations, or the solutions in the Sobolev spaces. Another function spaces can 
be also exploited, see e.g. [4]. 

The outline of the work is as follows: in Section 2 we introduce notation 
and basic notions. In Section 3 we discuss ISS for linear systems. Afterwards 
the method of ISS-Lyapunov functions is extended to the abstract control 
systems and the results are applied to the certain nonlinear reaction-diffusion 
equation. In Section 5 we prove the linearization principle. Next, in Section 
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6 we prove a small-gain theorem and apply it to certain linear and nonlinear 
systems. In Section 7 we conclude the results of the paper. 

2 Preliminaries 

Throughout the paper lot (X, \\ ■ \\x) and (U,\\ ■ \\u) bo a state space and 
space of input values, endowed with norms || • \\x and || • \\u respectively. For 
definiteness let they be Banach spaces. 

For Banach spaces X, Y let L{X, Y) be the spaces of bounded linear oper- 
ators from X to Y and L{X) := L{X,X). A norm in these spaces we denote 



By C{X,Y) we denote the space of continuous functions from X to Y, 
C{X) := C{X,X) and by PC{X,Y) the space of piecewise right-continuous 
functions from X to Y. Both are equipped with the standard sup-norm. 

Let M+ := [0, oo). We will use throughout the paper the following function 
spaces: 

— Cg (0, d) is a space of k times continuously differentiable functions 
/ : (0, d) — > M with compact in (0, d) support. 

— Lp{0, d) is a space of p-th power integrable functions / : (0, d) — >■ M with 



— W^'^{Q,d) is a Sobolev space of functions / G Lp{0,d), which have weak 
derivatives of order < k, all of which belong to ip(0, d). 

— W^'''{0, d) is a closure of C^{Q, d) in the norm of VFf''=(0, d). 

— H''{0,d) = W2,fc(o,(i), H^{0,d) = Wa'''{0,d). 

We use the following axiomatic definition of the control system 

Definition 1 The triple E = {X,Uc,<l)), consisting of state space X, linear 
normed space of admissible input functions Uc C {/ : IR+ — >■ U} (with the 
norm \\ ■ \\u^) and of a transition map (f) : ^ X , A,p C IR+ x M_|_ x X x Uc 
is called a control system, if the following properties hold: 

— Existence: For every {tQ,(j)o,u) S M-|- x X xUc there exists t > to: [to,t] x 
{{to, (1)0, u)} c A^. 

— Identity property: For every {to, (f>o) & ^+ xX it holds 4>{to, to, (j^o, = <f>o- 

— Causality: For every {t, to, (po, u) € A^p, for every u G Uc, such that u{s) = 
u{s), s G [to,t] it holds {t,to,<po,u) G A^ and (t){t,to,<t>o,u) = (f){t,to,4>o,u). 

— Continuity: for each {to,(t>o,u) G M+ x X xUc the map t — >■ (l){t,to,(l>o,u) 
is continuous. 

— Semigroup property: for all t,s > 0, for all (po G X , u € Uc so that 

{t, s, (po, u) G Acj,, it follows 

- {r,s,(j)o,u) e A^, r e [s,t], 

— for all r e [s, t] it holds (j){t, r, 4>{r, s, x, u),u) = (f>{t, s, x, u). 

Here 4){t,s,x,u) denotes the state of a system at the moment t G M+, if its 
state at the moment s G R+ was x G X and the input u G Uc was applied. 
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This definition is adopted from [20], but we specialize it to the systems, 
which satisfy classical semigroup property. Another axiomatic definitions of 
the control systems are also used in the literature (see [31], [37]). 

In this paper wc consider forward-complete and time-invariant systems. 
Time-invariance means, that the future evolution of a system depends only on 
the initial state of the system and on the applied input, but not on the initial 
time. For the time-invariant system we can without restriction assume that 
initial time to := 0. We denote for short (t){t,4'o,u) := (j){t,0, (j)o,u). 

Definition 2 For the formulation of stability properties the following classes 
of functions are useful: 

K, := {7 : R-i- — >■ R-i- 1 7 is strictly increasing, 7(0) = 0} 

^00 := {7 € /C I 7 is unbounded} 

C := < 7 : R+ — >■ K_|_ | 7 is continuous and decreasing with lim 7(f) = f 

KC := {/? : ^ M+ I /3(-, t) e /C, > 0, ^(r, •) e £, Vr > 0} 

Definition ^ E is globally asymptotically stable at zero uniformly with respect 
to X (0-UGASx), if 313 € JCC, such that V0o G X, Vt > holds 

U{t,c^oM\x<Pi\\M\x^i)- (1) 

If P can be chosen as f3{r,t) = Me~"-*r \lr,t e K+, for some a,M>0, 
then S is called exponentially 0-UGASx. 

The notion O-UGASx is also called uniform asymptotic stability in the 
whole (see [14, p. 174]). 

Wc need also another notion: 

Definition 4 S is globally asymptotically stable at zero (0-GAS), if it holds 

1. Ve > 35 > : llxllx <5, t > ^ ||(/)(t, x, 0)||x < e, 

2. ^x^X ||0(i,x,O)||x ^0, t^oo. 

In other words, 17 is 0-GAS if it is locally stable and globally attractive (see, 
e.g. [34]). Note, that the 0-UGASa; property is not equivalent to the 0-GAS in 
general ([14, 36], see also Section 3.1). 

To study stability properties of control systems with respect to external 
inputs, we introduce the following notion 

Definition 5 Element of state space (f)^ E X is called an equilibrium point of 

control system S if (j){t^ c^o. 0) = 0O; for all t > 0. 

Definition 6 S is called locally input-to-state stable (LISS), if3px,Pu > 
and 3/3 G KC and 7 G /C, such that the inequality 

U{t.'t>a.u)\\x<fi{\\M\x.t)+-i{\\u\\u^ (2) 

holds Vi^o : ||'/>o||x < Px, > and Vu G Uc: \\u\\u^ < Pu- 

If P can be chosen as P{r,t) = Me~°'*r yr,t G for some a,M>0, 
then S is called exponentially LISS (eLISS). 
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The control system is called input-to- state stable (ISS), if in the above 
definition px and pu can be chosen equal to oo. 

If S is ISS and /3 can be chosen as /3(r, t) = Me~°'*r Vr, t G K+, for some 
a,M > 0, then E is called exponentially ISS (eISS). 

One of the most common choices for Uc is the space Uc '■= PC(R+, X) with 
the norm || • :— sup ||m(s)||x- In this case one can use the ahcrnative 

0<S<CX3 

definition of the ISS property, which is often used in the hterature (see, e.g. 

[20], [16]): 

Proposition 1 Let Uc := PC{R+,U). Then E is LISS iff3px,Pu > and 
3/3 e /C£ and 7 S /C, such that the inequality 

mt,(l>o,u)\\x<mM\x,t) + jisxip \\u{s)\\u) (3) 

holds : \\(t)a\\x < Px, Vt > and Vm G Uc-' \\u\\ua l£ Pu- 

Proof Sufficiency is clear, since sup ||u(s)||t/ < sup ||w(s)||(7 — WuWua- 

0<s<t 0<s<oo 

Now let E be LISS. Due to causality property of E the state (j){T,4>o,u), 
T e [0,t] of the system E does not depend on the values of u{s), s > t. For 
arbitrary t > 0, ^0 & X and u G Uc consider another input u G Uc, defined by 



m(t) := 



u{t),t e[o,t], 

u{t),T > t. 



The inequality (2) holds for all admissible inputs, and hence it holds also for 
u. Substituting u into (2) and using that ||u||;7^ = sup ||u(s)||[/, we obtain 

0<s<t 

(3). ■ 

The similar property (with ess sup ||'(i(s)||i7 instead of sup ||'u(s)|([/ ) holds 

0<s<t 0<s<t 

for continuous input functions {Uc '■= C{R+,U)), for the class of strongly 
measurable and essentially bounded inputs Uc := Lao{R+,U) (which is the 
standard choice in the case of finite-dimensional systems) and many other 
classes of input functions. 



3 Linear systems 

Let X be a Banach space and T = {T{t), t > 0} be Co-semigroup on X with 
an infinitesimal generator A = lim ^(T(t)x — x). 

Consider a linear control system with inputs of the form 

s = As + f{u{t)), 
s{0) = so, 

where f : U ^ X is continuous and so that for some 7 € /C it holds 

\\f{u)\\x<7iMu),yuGU. (5) 
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The space of input functions we take as Uc '■— C([0,oo), U). 
We consider weak solutions of the problem (4), that is the solutions of 
integral equation, obtained from (4) by variation of constants formula 

s{t) = T{t)so + [ T{t- r)f{u{r))dr, (6) 
Jo 

where sq & X. 

Note that in (6) the functions under the sign of integration are strongly 
measurable (since they are continuous, see [17, p. 84]) and for alH > 

f \\T{t-r)f{u{rmxdr < oo. 

Thus according to the criterion of Bochner integrability (see [17, Theorem 
3.7.4.]), integral in (6) is well-defined in the sense of Bochner. 
The following fact is well-known 

Proposition 2 For finite- dimensional systems (X = R" j the following prop- 
erties of the system (4) are equivalent: eO-GAS, eISS, 0-GAS, ISS. 

We are going to obtain a corresponding counterpart of this proposition for 
infinite-dimensional systems. We need the following lemma: 

Lemma 1 The following statements are equivalent: 

1. (4) is 0-UGASx. 

2. T is uniformly stable (that is, \\T{t)\\ — >■ 0, t ^ oo). 

3. T is uniformly exponentially stable (\\T{t)\\ < Me~"* for some M,co > 
and all t > ). 

4- (4) is exponentially 0-UGASx. 

Proof 1 2. At first note that /3 can be always chosen as f3{r,t) — C(0^ for 
some C S £. Indeed, consider x £ X : \\x\\x — 1, substitute it into (1) and 
choose C(') = •) G ^- From linearity of T we have, that ^x & X, x 

\\Tit)x\\x = \\x\\x-\\mj^^\\x<at)Mx. 

Let (4) be 0-UGASa;. Then 3C € C, such that 

\\T{t)x\\x < PiMx, t) = mMx Vx e X, Vt > 

holds. This means, that |lr(-)|| < ({■), and, consequently, Tis uniformly stable. 
If T is imiformly stable, then it follows, that 3C e £: ||T(-)|| < C(-)- Then 

yx€X \\T{t)x\\x < cmx\\x. 

Equivalence 2 <;4- 3 is well-known (see [11, Proposition 1.2, p. 296]). 
3 <^ 4. Follows from the fact that for some M, w > it holds that ||r(t)a;|| < 
Me-'^*\\x\\x yx€X ^ \\T{t)\\ < Me-'^* for some M,w > 0. ■ 

We summarize this subsection with the following proposition 

Proposition 3 For systems of the form (4) it holds: 

(4) is eO-UGASx ^ (4) is 0-UGASx ^ (4) is elSS^ (4) is ISS. 
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Proof System (4) is cO-UGASa; ^ (4) 0-UGASa; by Lemma 1. 

Clearly, from eISS of (4) it follows ISS of (4), and this implies that (4) is 
0-UGASx by taking u = 0. It remains to prove, that 0-UGASa; of (4) implies 
eISS of (4). 

Let system (4) be O-UGASx, then by Lemma 1, T is an exponentially 
stable Co-semigroup, that is, 3M,w > 0, such that \\T{t)\\ < Me"*"* for all 
t>Q. From (6) we have 

\\smx<Me-'\\s,\\x + ^l{\\u\\uX 
and the eISS is proved. ■ 

For finitc-dimcnsional linear systems 0-GAS is equivalent to 0-UGASx and 
ISS to eISS, consequently, the Proposition 2 is a special case of Proposition 3. 
However, for infinite-dimensional linear systems 0-GAS and 0-UGASx are not 
equivalent. 

Moreover, 0-GAS in general does not imply bounded-input bounded-state 
(BIBS) property (Vx e X, Vm e Uc- !hi||r/, < M for some M > 

X, < R for some i? > 0). We show this by the following example 

(another example, which demonstrates this property, can be found in [23]). 



3.1 Counterexample 

Let C (R) be a space of continuous fimctions on R, and let X = Co (R) be the 
Banach space of continuous functions (with sup-norm) , that vanish at infinity: 

Co(IR) = {/ e C(R) : Ve > 3 compact set K^d^: \ f{s)\ < e Vs e ^\K^]. 

For a given q E C(M) consider the multiplication semigroup Tg (for the 
properties of these semigroups see, e.g., [11]), defined by 

TS)f = e"'f V/eCo(R), 

and for alH > we define e*? : a; € R i-^ e*«(^). 

Let us take U = X = Co(R) and choose q as q{s) 
control system, given by 

where Aq is an infinitesimal generator of Tq. 

Semigroup Tq is a strongly stable (but not exponentially stable) semigroup. 

Indeed, \{Tq{t) f){s)\ = e"*TTN |/(s)|. But / G Co(R), that is Ve > there 
exists a compact set c R, such that |/(s)| < e Vs e R\i<'e. For such e 
it holds, that \{Tq{t) f){s)\ < e Vs e ^\K^, \/t > 0. Moreover, there exists 
t{e): \(Tq{t)f){s)\ < e for ah s & and t > t{e). Overall, we obtain, that 
ll^9(*)/llco(R) < e Vf > t{e). This proves strong stability of Tq. 
One can show, that the system (7) is 0-GAS. 



■Yqq^. Consider the 
(7) 
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Since \\Tg{t)\\ = 1 > 0, there is no C e jC, such that ||Tg(t)a;||x < 
C(OI|a;||jc for all x e X, and t > 0. 

Take constant w.r.t. time external input u G Co(K): u{s) = a--y==^, for 

some a > and all s e M. The solution of (7) is given by: 



Jo V 1 -f 



= e~*^xo - a-v/l + |s|(e"*TTR - l). 
We make a simple estimate, substituting s = t — 1 fov t > 1: 



zdr 



sup a 



V'l + |s|(e"*TTN - 1) > aVt(l - e-^) 



— )■ oo, t — >■ oo. 



oo, 



For all xo G Co(M) holds ||e *^r+Wxo||x -5> 0, t oo. Thus, ||x(<)||x 
f ^ oo, and the system (7) possesses unbounded trajectories for arbitrary 
small inputs. 



3.2 Example: linear parabolic equations with Neumann boundary conditions 

In this subsection we investigate the stability of a system of parabolic equations 
with Neumann conditions on the boundary. 

Let G be a bounded domain in MP with smooth boundary dG, and let A 
be Laplacian in G. Let also F e C(G x R™,R"), f (x,0) = 0. 

Consider a parabolic system 



( dsixj) _ ^ Rs + F{x,u{x,t)), xeG,t> 0, 
s {x, 0) = (f>o{x) ,x £ G, 

— I = n 



(8) 



Here £^ is the normal derivative, s{x,t) G 
M+,R'") be the external input. 

Let L : C(G) ^ G(G), L = -A with 



and u e G(G x 



D{L) = {/ e G^(G) n G^(G) : Lf e G(G), ^ 



0}. 



dG 



Define the diagonal operator matrix A = diag{—L, . . . , —L) with —L as 
diagonal elements and D{A) = The closure A of A is an infinitesimal 

generator of an analytic semigroup on X = (G(G))". 

Define a space of input values hy U := G(G,R™) and the space of input 
functions by Uc := C{R+,U). 

The problem (8) may be considered as an abstract differential equation: 



s={A + R)s + f{u{t)), 



s(0) = (l>o, 
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where u e Uc, u{t){x) = u{x,t) and f : U ^ X is defined by f{v){x) := 
F{x, v{x)). 

One can check, that a map t — >■ f{u{t)) is continuous, and 



where j{\\u\\u) := sup^eG,y:|y|<||t,||„ l^(-T,?y)l- 

Consequently we have reformulated the problem (8) in the form (4). Note 
that A + R also generates an analytic semigroup, as a sum of infinitesimal 
generator of analytic semigroup A and bounded operator R. 

Our claim is: 

Proposition 4 System (8) is eISS <^ R is Hurwitz. 

Proof Denote by S{t) the analytic semigroup, generated hy A-\- R. 

We are going to find a simpler representation for S{t). Consider (8) with 
u = 0. Substituting in (8) s{x,t) = e^*v{x,t), we obtain a simpler problem for 
v: 



In terms of semigroups, it means: S{t) = e^^T{t), where T(t) is a semi- 
group generated by A. It is well-known (see, e.g. [15]), that the growth bound 
of analytic semigroup T{t) is given by supSR(S'pec(A)) = ^^V>\^spec(A)^i'^)^ 
where "^{z) is the real part of a complex number z. 

We are going to find an upper bound of spectrum of A in D{A). Note, that 
Spec{A) = Spec{—L). Thus, it is enough to estimate the spectrum of — i, that 
consists of all A e C, such that the following equation has nontrivial solution 



Let A > be an eigenvalue, and ^ be the corresponding eigenfunc- 
tion. If u\ attains its nonnegative maximum over G in some x G G, then, 
according to the strong maximum principle (see [12], p. 333), u\ = const and 
consequently ux = ^ ux cannot be an eigenfunction. If u\ attains the non- 
negative maximum over G in some x G dG, then by Hopf 's lemma (see [12] , p. 
330), > 0. Consequently, < in G. But —ux is also an eigenfunction, 

thus, applying the same argument, we obtain that ma = in G, thus A > is 
not an eigenvalue. 

Obviously A = is an eigenvalue, therefore growth bound of T{t) is and 
growth bound of S{t) is wq = sup{5ft(A) : 3x ^ : Rx = Xx}. Thus, R to 
be Hurwitz is a sufficient condition for the system (8) to be exponentially 
0-UGASx and, consequently, elSS. 

It is also a necessary condition, because for constant 0o and u = the 
solutions of (8) are for arbitrary x G G the solutions of s = Rs, and to 
guarantee the stability of these solutions R has to be Hurwitz. ■ 



||/(u)||x = sup \fiu){x)\ = sup \F{x,u{x))\ < 7(||«||c/) 





(10) 
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In (8) the diffusion cocfScicnts arc equal to one. In case, when the diffusion 
coefficients of different subsystems are not equal to each other the statement of 
Proposition 4 is in general not true because of Turing instability phenomenon 
(see [35], [25]). 

4 Lyapunov functions for nonlinear systems 

To verify both local and global input-to-state stability of nonlinear systems, 
Lyapunov functions can be exploited. In this section we provide basic tools 

and illustrate them by an example. 

Definition 7 A continuous function V : D R_|_, D C X , G int{D) = 
D\dD is called local ISS-Lyapunov function (LISS-LF) for S, if3px,Pu > 
and functions V'l, V'2 € ^cx>; X € ^ ('■i^'^ positive definite function a, such that: 

MMx)<V{x)<MMx), yx€D 
and Mx & X : \\x\\x < Pxi G Uc : \\u\\u^ < pu it holds: 

Ikllx >x(ll«llc/e) ^ Vu{x)<^a{\\x\\x), (11) 
where the Lie derivative of V corresponding to the input u is given by 

Vu{x) = m^-^{VicP{t, X, u)) - V{x)). (12) 

Function x is called ISS-Lyapunov gain for {X, Uc, (j)). 

If in the pvcvious dcfinitioTi D — X ^ = DO and Pu = oo, then the function 
is called ISS-Lyapunov function. 

Note, that in general a computation of the Lie derivative Vu{x) requires knowl- 
edge of the input on some neighborhood of the time instant t = 0. 

If the input, with respect to which the Lie derivative Vu{x) is computed, 
is clear from the context, then we write simply V{x). 

Theorem 1 Let S = (X, Uc, (j)) he a time-invariant control system, and a; = 
he its equilihrium point. 

Also let for all u G Uc and for all s > a function u, defined hy u{t) = 

u{t + s) for all r > 0, helong to Uc and \\u\\uc !i ll''^!l;7c- 

// S possesses a LISS-Lyapunov function, then it is LISS. 

For a counterpart of this theorem for infinite-dimensional dynamical sys- 
tems (without inputs) see, e.g., [15]. 

Proof Let the control system S = {X, Uc, </>) possess a LISS-Lyapunov function 
and 'ijji,ip2,X,C(, Px, Pu be as in the Definition 7. Take an arbitrary control 
u gUc with \\u\\u^ < Pu such that 

I = {x G D : \\x\\x < Px, V{x) < -02 o x(l|w||!7o) < Px] C int{D). 
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Such u exists, because <E int{D). 

Firstly we prove, that / is invariant w.r.t. S, that is: Vx S / x{t) = 
(j){t,x,u) G l,t>0. 

If ?i = 0, then / = {0}, and I is invariant, because a; = is the equihbrium 
point of S. Consider u^O. 

If / is not invariant w.r.t. E, then, due to continuity of (p w.r.t. t (Continuity 
axiom of E), 3t^ > 0, such that V{x{t^)) = ip2 o x{\W\\uc)j and therefore 
MU)\\x>x{\\u\\uJ. 

The input to the system S after time t* is u, defined by u{t) = u{t + t*), 
T > 0. According to the assumptions of the theorem Hujlt/^ < ||?i||r/^. Then 
from (11) it follows, that Vfi(a;(t*)) = — a(||a;(t*)||x) < 0. Thus, the trajectory 
cannot escape the set I. 

Now take arbitrary xq: \\xo\\x < Px- As long as xq ^ /, wc have the 
following differential inequality {x{t) is the trajectory, corresponding to the 
initial condition xq): 

V{x{t)) < ^a{\\x{t)\\x) < -aoij,\V{x{t))). 

Prom the comparison principle (see [22], Lemma 4.4 for y{t) = V{x{t))) it 
follows, that 3 $ G ICC : V{x{t)) < (3{V{xo),t), and consequently: 

\\xit)\\x<l3{\\^o\\x,t)yt: x{t)il, (13) 

where /3(r, t) = ij)^'^ o P{ijj-^{r), t), Mr, t > 0. 
Prom the properties of K,C functions it follows, that 3ti: 

ti := inf{a;(t) = (p{t,Xo,u) € I}. 

Prom the invariance of the set I we conclude, that 

\\x{t)\\x<'y{\\u\\uj, t>h, (14) 

where 7 = tp^^ o ?/;2 o ;^ g /C. 

Our estimates hold for arbitrary control u: \\u\\uc < Pu, thus, combining 
(13) and (14), we obtain the claim of the theorem. ■ 

Remark 1 As a special case wc have, that if under the same assumptions a 
control system possesses an ISS-Lyapunov function, then it is ISS. 

Remark 2 Assumption on the properties of \Ja used in the Theorem 1 holds 
for many usual function classes, such as PC(M+,i7), Lp(M+,[/), -p >— 1, 
Loo(IR+j U), Sobolev spaces etc. 

The Definition 7 differs from the definition of (L)ISS-Lyapunov function, 

used in finite-dimensional theory (sec, e.g. [33]). Wc arc going to prove, that 
for the ODE systems our definition is equivalent to the standard one. 

Pirstly we reformulate the definition of LISS-LP for the case, when Uc = 
PC{R+,U). 
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Proposition 5 Continuous function V : D ^ D C X , E int{D) = 
D\dD is a LISS-Lyapunov function for S = {X, PC(R+, U), </>) if and only if 
there exist Px,pu > and functions tlJi,tl>2 € /Coo, X € /C and positive definite 
function a, such that: 

MMx)<v{x)<MMx), yxeD 

and Mx & X : ||a;||x < Px, e J7 : ||^||(7 < Pu it holds 

\\x\\x > xm\u) ^ Vu{x) < -a(lklk), (15) 
for all u e Uc: ||w||i7c < Pu with u(0) = ^. 

Proof Let us begin with sufficiency. Let u G Uc = PC{M.+ ,U), \\u\\u^ < pu- 
Take arbitrary x € X and assume that ||a;|jx ^ x(ll^ll;7e)- Then \\x\\x > 
X(||w(0)||[/) and according to (15) for this u it holds Vu{x) < — a(||a;||x)- The 
implication (11) is proved and thus F is a LISS-Lyapunov function according 
to Definition 7. 

Let us prove necessity. Take arbitrary u £ Uc, and for arbitrary s > 
consider the input Ug & Uc defined by 

(T),Te [0,S], 



„ U(r),re[0 
\m(s),t>s. 



Due to Causality of S, (p{t,x,u) = (p{t,x,Us) for all t G [0, s], and according 
to the definition of Lie derivative we obtain Vu{x) = Vujx). Let u E Uc and 
||w||{7^ < Pu- Then also ||ms||{7c ^ Pu and since V is a LISS-Lyapunov function 
it follows that 

\\x\\x > x{\\us\\uc) =^ Vu,{x) < -Q!(||a;||x)- 
Then it holds also 

Mx>x{\\us\\uJ Mx) < -a{\\x\\x). (16) 

Since Uc = PC{M.+ ,U), it follows, that for arbitrary u E Uc and arbitrary 
£ > there exists r > such that ||ur||(7c < (1 + £)||'"(0)||!7- Then from (16) 
it follows, that 

\\x\\x > x{\HO)\\u) ^ Mx) < -a{\\x\\x), 

where x(r) = x((l + e)?"), for all r > 0. 

Since u € Uc, \\u\\u^ < p„ has been chosen arbitrarily, the necessity is 
proved. ■ 

Now consider the ODE system 

x(t) = f{x(t),u{t)), x{t) e M", u(t) € R™. (17) 

System (17) defines a time-invariant control system S = {X,Uc,(j)), where 
X = R", Uc = Z/oo(R-i-,R'") and (j){t,xo,u) is a solution of (17) subject to a 
given input u G Z/oo(R-i-, R™) and initial condition a;(0) = xq. 
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Let V : D -^]SL+, D C M", € int{D) = D\dD be locally Lipschitz contin- 
uous function (and thus it is differentiable almost everywhere by Rademacher's 
theorem). For such systems Vu{x) can be computed for almost all x and the 
implication (15) resolves to 

Mx>x{mu) => VV-f{x,0<-ai\\x\\x). 

Using this implication instead of (15), we obtain the standard definition of 
LISS-Lyapunov function for finite-dimensional systems. Thus, Definition 7 is 
consistent with the existing definitions of LISS-Lyapunov functions for ODE 
systems. 

Note that the system (17) is time-invariant, for the space L(x)(R-i-) R™) the 
assumption of the Theorem 1 holds, and we obtain basic result from finite- 
dimensional theory that existence of an (L)ISS-Lyapunov function implies its 
(L)ISS. 



4.1 Example 

Let us consider the following system 

\s(0,t) = s(7r,t) =0. ^ ^ 

We assume, that / is locally Lipschitz continuous, monotonically increasing 
up to infinity, f{—r) = —f{r) for all r e M (in particular, /(O) = 0), and 
me (0,1]. 

To reformulate (18) as an abstract differential equation we define As = ^ 
with D{A) = H^{0, tt) n H'^{0, tt). 

The norm on -ffo (0, tt) we define by 



Mn^io,.) = ^ \ dx 

Operator A generates an analytic semigroup on L2(0,7r). System (18) takes 
the form 

(9s 

— =As-f{s)+u"',t>0. (19) 

Equation (19) defines a control system with state space X = Hq{0, tt) and 

input function space Uc = C(R+, ^2(0, tt)). 

Consider the following ISS-Lyapunov function candidate: 

We are going to prove, that V is an ISS-Lyapunov function. 



14 



Sergey Dashkovskiy, Andrii Mironchenko 



Under above assumptions about function / it holds, that f{y)dy > 
for every r G M. Thus, V is positive definite: 



Let us compute the Lie derivative of V 

Vis) = r 

Jo 



(21) 



Qs d'^s ds 



ds ds 
dx dt 



x=0 Jo 

From boundary conditions it follows ff(0,t) = ff(7r,t) = 0. Thus, substi- 

9s 



tuting expression for ^ , we obtain 



V{s) 
Define 



f{s{x))\ dx + 



0^ 



m:-£{^-m^))) dx. 

Using Cauchy-Schwarz inequality for the second term, we have: 

ns)<-/(s) + yT(^iKik,(o,.)- 

Now let us consider I{s) 
ns) = I (^j dx-2j^^ —fis{x))dx + f\s{x))dx 



(22) 



> 



dx. 



))dx 



For s e i?oHO,7r) nif2(0,7r) it holds (see [15], p. 85), that 



\dx^ 



r fds , , 

dx > I I I dx. 
ox 



Overall, we have: 

m > ii^iiff^(o..)- 

Let us consider 1 1 1 1 1.2(0, tt)- Using Holder inequality, we obtain: 



(23) 



If 1^2(0: 



f 

Jo 



w^™ . 1 dx 



dx 



Jo 



dx 



(24) 

^'^II"IIl.(o,.)-(25) 
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Now we choose the gain as 

Xir) = aTT^r", a > 1. 
If x(ll^i|U2(o,7r)) < ||s||Hi(o,7r)> we obtain from (22), using (24) and (23): 

Vis) < -lis) + 1^^^11.11^1(0,.) < - < - l)lkll^i(o,.)- (26) 

Note that although some of the calculations above hold only for smooth 
functions, but for every s G i?o(0,7r) there exists a sequence of the functions 
{sm} e C°°([0,7r]), Sto(O) = SmiT^) = SO that Sm ^- s in i?oi(0,7r) (see, e.g. 
[12, p. 252]). From this fact one can prove, that the estimation (26) holds for 
all s G if(J(0,7r). 

We have proved, that (20) is an ISS-Lyapunov function, and consequently, 
(19) (with X = H^iO,Tr), Uc = C(]R+,L2(0,7r))) is ISS. 

Remark 3 In the example we have taken U = L2(0,7r) and X = iJo(0,7r). 
But in case of interconnection with other parabolic systems (when we identify 
input u with the state of the other system), that have state space i/Q(0,7r) 
(as our system), we have to choose U = X = iJo(0,7r). In this case we can 
continue estimates (24), using Friedrichs' inequality 



l-n 



to obtain 

lk"IU.(o,.)< ^^11^^11^1(0,.) (27) 

and choosing the same gains, prove the input-to state stability of (19) w.r.t. 
spaces X = H^iO,TT), Uc = CiR+,H^iO,n)). 

Remark 4 The input-to-state stability for semilinear parabolic PDEs has been 

studied also in the recent paper [23]. However, the definition of ISS and of ISS- 
Lyapunov function in that paper are different from used in our paper. 



5 Linearization 

In this section we prove a linearization principle that allows us to investigate 
the local ISS of a system using solely information about ISS of the correspond- 
ing linearized system. 

We assume that X is a Hilbert space with a scalar product (•,•), and A 
generates an analytic semigroup on X. Consider a system 

x = Ax + fixit), ii(t)), x{t) € X, u{t) e [/, (28) 

where function f : X xU ^ X \s defined on some open set Q, (0, 0) £ Q. 

Also we suppose that u : 1R+ — )• is Holder-continuous and / is Lipschitz 
continuous with respect to the first and Holder continuous with respect to the 
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second argument. That is, if S then there exists a neighborhood W 

of (x, u): W CQ, such that V(jy, v) e T4^ it holds 

||/(x, u) - f{y, v)\\x < L{\\u - v\\tj + \\x - y\\x), 

for some constants L,9 > 0. 

We assume that /(O, 0) = 0, thus a; = is an equihbrium point of (28). 

Theorem 2 Let in (28) 

f{x, u) = Bx + Cu + g{x, u), 

where B e L{X) and C G L{U, X) and for each constant w > 3p > 0, such 
thafix : \\x\\x < p, Vm : \\u\\u < p it holds 

\\g{x,u)\\x<w{\\x\\x + \\u\\u). 

If the system 

x = Ax + Bx + Cu (29) 

is eISS, then (28) is LISS. 

Proof Operator A is an infinitesimal generator of an analytic semigroup and 

B is bounded, therefore R = A + B also generates an analytic semigroup. 

System (29) is eISS and consequently exponentially O-UGASx, therefore 
there exists (see, e.g., [3]) a Lyapunov function for (29) 

V{x) = {Px, x) , (30) 

where P € L{X) is a positive bounded operator, for which it holds that 

{Rx,Px) + {Px,Rx) ^ ~\\xfx, yxeD{R). (31) 

We are going to prove that F is a LISS-Lyapunov function for the system 
(28) for properly chosen gains. Let us compute Lie derivative of V w.r.t. the 

system (28). 

Firstly consider the case, when x G D{R) = D{A). 

V{x) = {Px,x) + {Px,x) 

= {P{Rx + Cu + g{x, u)), x) + {Px, Rx + Cu + g{x, u)) 

= {P{Rx), x) + {Px, Rx) + {P{Cu + g{x, u)), x) + {Px, Cu + g{x, u)) . 

We continue estimates using the property 

{P{Rx),x) = {Rx,Px) , 

which holds for positive operators, equality (31) and for the last two terms 
Cauchy-Schwarz inequality in space X 

V{x) < -\\x\\% + \\P{Cu + g{x, u))\\x\\x\\x + \\Px\\x\\Cu + g{x,u)\\x 

< -Iklll + ||P||||(Cw + 5(a;,u))||x||a;||x + ||P||||a;||x||Cu + ff(a;,u)||x 
<-||a;||2, + 2||P||||a;||x(||q|||w||c/ + ||5(a;,w)|k) 
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For each w > 3p, such that Va; : \\x\\x < p, Vu : \\u\\u < p it holds 

115(2;, < wdkllx + \\u\\u)- 
Using this inequahty we continue estimates 

vix) < -iixiii + 2w\\p\\\\xrx + nmwcw + w)\\x\\x\\u\\u 

Take x{r) ■= \pr. Then for \u\u < X~^{\\x\\x) = \\x\W we have: 

n^)<-|Nlx + 2HI^'llll* + 2||P||(||q|+«^)lk||^. (32) 

Choosing w and p small enough the right hand side can be estimated from 
above by some negative quadratic function of Hxjl^jf . 

These derivations hold for x G D{R) d X.lix ^ D{R), then for all admis- 
sible u the solution x{t) G D{R) and t — >■ V{x{t)) is a continuous differentiable 
function for alH > (these properties follow from the properties of solutions 
x{t), see Theorem 3.3.3 in [15]). 

Therefore, by the mean-value theorem, > 3f* e (0, t) 

-^{V{x{t))-V{x)) = Vix{U)). 

Taking the limit when t — >■ +0 wc obtain that (32) holds for all x E X. 

This proves that y is a LISS-Lyapunov function with \\x\\x < p, \\u\\u < p 
and consequently (28) is LISS. ■ 

In particular, the theorem holds for finite dimensional systems. In this case 
the assumptions about Holder continuity for functions u and for / w.r.t. second 
argument (needed to achieve existence and uniqueness of solutions of (28) (see 
Section 3.3 in [15] for a = 0)) can be replaced with milder assumptions (see 
[1], p. 183). 



6 Interconnections of input-to-state stable systems 

In this section we study input-to-state stability of an interconnection of n ISS 
systems and provide a generalization of Lyapunov small-gain theorem from [7] 
for the case of infinite-dimensional systems. 

Consider the interconnected systems of the following form 

(xi = AiXi + fi{xi,...,Xn,u), Xi{t) e Xi, u{t) e U ^^^^ 
\i = 1, . . . , Ti, 

where the state space of i-th subsystem Xi is a Banach space and Ai is a 
generator of Co - semigroup on Xi, i ~ I,. . . ,n. The space Uc we take as 
Uc = PC{R+,U) for some Banach space of input values U. 

The state space of the system (33) we denote by X = Xi x . . . x X„, which 
is Banach with the norm || • ||x := || • + • • • + || • ||x„- 
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The input space for the i-th subsystem is Xi := Xi x . . . x x Xj+i x 
, . x Xn X U. The norm in X^ is given by 



■ + • • • + 11" + II • ||Xi+i + • • • + 11" ||x„ + II • ||(7- 



The elements of Xi we denote hy Xi = {x\, . . . , a;j_i, aij+i, . . . , a;„, u) G X^. 

The transition map of the i-th subsystem we denote by 0, : M+ x Xj x 
PC(R+,Xi) Xi. Define 



X = {xi,...,Xn), f{x,u) = {fi{x,u),...,f„{x,u)), A = 



/^i ... \ 
^2 ■ ■ ■ 



V ...An/ 



where Xi e Xi, i = 1, . . . , n. Domain of definition of A is given by D{A) = 
D{Ai) X . . . x D{An). Clearly A is a generator of Co-semigroup on X. 
We rewrite the system (33) in the vector form: 

x = Ax + f{x,u). (34) 

Since the inputs are piecewise continuous functions, then according to Propo- 
sition 5 a function Vi : — >■ K.+ is an ISS-Lyapunov function for the i-th 
subsystem, if there exist functions Vii , V'i2 & fCao , X S /C and positive definite 
function aj, such that 

■i/'a(||a;i||xj < Vi{xi) < ■0i2(||a;i||xJ, Vx^ e Xi 

and \/xi € Xi, \/xi € Xi, for all v € PC{R+,Xi) with v{0) = Xi it holds the 
implication 

\\xi\\x, > xiWiiWx,) ^ Vii^i) < -c^iiViixi)), (35) 

where 

Vi{xi) = ]hn^-{Vi{<j)i{t,Xi,v))) - Vi{xi)). 
We are going to rewrite the implication (35) in a more suitable form. We have 



> \\xi\\xi > Xdl^illx,) = X W^jW^i + \Mu 

1 n 

— max{ max {x(||a;j||xj},x(l|w||c/)} 



> 



Therefore if > xdla^ijlx ) holds, then also 



Vi{xi) > max{inaxXij(l^(a;j)),Xi(||w||(7)} 
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holds with 

And thus if (35) holds, then it holds also the implication 

Vi{xi) >ma.x{maxXij{Vj{xj)),Xi{\\u\\u)} ^ V^ixi) < -ai{V^{x^)). (36) 

The statement, that if (36) holds, then so is (35) can be checked in the 
same way. 

Remark 5 Note, that we have used in our derivations the certain norm on the 
space Xi. For finite-dimensional Xi such derivations can be made for arbitrary 
norm in Xi due to equivalence of the norms in a finite-dimensional space. 
However, for infinite-dimensional systems it is not always true. 

In the following we will use the implication form as in (36) and assume, 
that for alH = 1, . . . , n for Lyapunov function Vi of the i-th system the gains 
Xij, j = l,---,n and are given. 

Gains Xij characterize the interconnection structure of subsystems. Let us 
introduce the gain operator F : M" — ^ M" defined by 

r{s) := ( maxxij(sj), . . . , mkxxnjisj) ) , s G M+. (37) 

For arbitrary x,y define the relations ">" and "<" on M" by 

x>y'^ Xi>yi\/i = l,...,n, 

x<y^ < j/j Vi = 1, . . . ,n. 

We recall the notion of i7-path (see [10,29]), useful for investigation of 
stability of interconnected systems and for construction of a Lyapunov function 
of the whole interconnection. 

Definition 8 A function a — (ai, . . . , ct„)"^ : R" R", where <Ti G ICoo, 
i = 1, . . . ,n is called an Q-pa.th, if it possesses the following properties: 

1. is locally Lipschitz continuous on (0,00); 

2. for every compact set P C (0, 00) there are finite constants < Ki < K2 
such that for all points of differentiability of a^^ we have 

0<Ki< {a^^Yir) < K2, Vr e P; 

3. 

r(cr(r)) < cr(r), Vr > 0. (38) 
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If operator F satisfies the small-gain condition, namely for all V s € \ {0} 
it holds 

r{s)ts ^ 3i : {r{s))i < Si, (39) 

then Q-path can be constructed as follows (see [20], Proposition 2.7 and Re- 
mark 2.8): 

a{t) = Q{at),yt > 0, for some a e int{Wl), (40) 
where Q : R!;: ^ E!;: is defined by 

Q{x) = MAx{x, r{x), r^{x), r"'\x)}, 

with r"(a;) = T o ^"-^(a;), for all n > 2. The function MAX for all Ui e M", 
i = 1, . . . , TO is defined by 

z = MAX{ui, . . .,Um} e M", Zi = max{uii, . . .,Umi}- 

Note that X2-path (40) is only Lipschitz continuous, but with the help 
of standard mollification arguments (see, [13], Appendix B.2 or [28], Lemma 
1.1.6) it can be made smooth. 

Now we can state a theorem, that provides sufficient conditions for a net- 
work, consisting of n ISS subsystems to be ISS. 

Theorem 3 Let for each subsystem of (33) Vi be the ISS-Lyapunov function 
with corresponding gains Xij ■ V the corresponding operator F defined by (37) 
satisfies the sm,aU-gain condition (39), then the whole system (34) is ISS and 
possesses ISS-Lyapunov function defined by 

V{x):=ma^{a^\Vi{xi))}, (41) 

where a = (cti, . . . , cr„)^ is an Q-path. The Lyapunov gain of the whole system 
is 

X(r) := maxc7j"^(xi(r)). 

For the proof we use the following standard fact from analysis 

Lemma 2 Let fi : R — ^ K are defined and bounded in some neighborhood D 
oft = 0. Then it holds 

Jim max {fi{t)} = max {lim/i(t)} (42) 

t— >0 l<i<m l<i<m t— >0 

The idea of the proof is taken from [7] . 

Proof In order to prove that y is a Lyapunov function it is suitable to divide 
its domain of definition into subsets on which V takes a simpler form. Thus, 
for alH e {1, . . . , n} define a set 

Mi = {xGX: a-\Vi{xi)) > aj\Vj{xj)), Vj = 1, . . . , n, j ^ i} • 
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From the continuity of Vi and , i = 1, . . . , n it follows that all Mi are open. 
Also note that X = U^^^Mj and for all i ^ j holds Mj n M,- = 0. Define 

7(r) := maxcr^^ o 7j{f)- 

Take some i & {1, . . . ,n} and pick any x G Mj. Assume that V{x) > j{\\u\\u) 
holds. Then we obtain 

<^i\Vi{xi)) = Vix) > ^(Mu) = m^axa/i o7,.(||n||a) > ar\^,{\\u\\u)). 

But G /Coo, hence it holds 

Vi{xi) > 7i{\Mu). (43) 
On the other hand, from the condition (38) we obtain that 

Vi{xi) = ai{V{x)) > maxxij {(Tj {V (x))) = umxxzj {<Jj (o-r^ {Vi {xi)))) 

Combining with (43) we obtain 

Vi{xi) > maxjinaxxy {Vj (a;^)) , 7i(||w||c/)| (44) 
Hence condition (36) implies that for all x the following estimate holds 

< - k"')' mx,))a,iV,{x,)) = - {ar^y (a,(y(x)))a,(a,(y(x))). 

We set 

air) := min | ((j-^)' (cr,(r))a,(o-,(r))| . 

Function a is positive definite, because a^^ G fCoo and all are positive 
definite functions. Overall, for all x £ U^^^Mi holds 

jV{x) < -min(ari)'(a,(y(x)))a,(a,(y(x))) = -a{V{x)). 

Now let X ^ U^^iMj. Prom X = U^^^Mi it follows that x e Hi^n^^dMi 
for some index set I{x) C {!,..., n}, \I{x)\ > 2. 

nieii.)dMi = {x€X:yi€ I{x), Vj ^ I{x) ar^Viixi)) > ar^Vjixj)), 

G lix) a-\Vixi)) = aj'iV,(x,))}- 

Due to continuity of (j) we have, that there exists t* > 0, such that for all 
t e [0,t*) it follows (l){t,x,u) e (Hi^K^^^dMi) U (Uie7(^)Mi). 
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Then, by definition of the derivative we obtain 
V{x) = -^{V{,^{t,x, «))) - V{x)) (45) 
= Ma 7 (^^M'i^iiMt,x,u)))} - ma^ {ar\Vi{xi))}) (46) 
Prom the definition of l[x) it follows that 

o-\yAxi)) = cj-\v,{x,)) e I{x), 

and therefore the index i, on which the maximum in maxi£/(j.){(7j^^(14(a;i))} 
is reached, may be always set equal to the index on which the maximum 
maxjg/(^){cr~^(l^((/)i(t, cc, u)))} is reached. 
We continue estimates (45) 

V{x) = li^ max{i {ar\ViiMt,x,u))) - ar\Vi{xi)))} 
Using Lemma 2 we obtain 

V{x) = max{ IW i (ari(F,(<^,(t,a;,n))) -ari(y,(a;0))}. 
Overall, we have that for all x € X holds 

^V{x) = ma^{(ari)' {y,{xi))^Vi{xm} < -c^{V{x)), 
and the theorem is proved for all a; e X. ■ 

Remark 6 In recent paper [20] it was proved a general vector small-gain theo- 
rem, that states roughly speaking that if the abstract control system possesses 
a vector ISS Lyapunov function, then it is ISS. The authors have also shown 
how from this theorem the small-gain theorems for interconnected systems of 
ODEs and retarded equations can be derived. It is possible, that the small- 
gain theorem, similar to the proved in this section, can be derived from the 
general theorem from [20]. However, it seems, that the constructions in [20] 
can be provided only for maximum formulation of ISS-Lyapunov functions (as 
in (36)). If the subsystems possess the ISS-Lyapunov functions in terms of 
summations, i.e. instead of (36) one has 

n 

Vi{xi) > ^Xij(VS-(a;,)) +Xi(ll^i||c/) ^ Vi{xi) < -ai{Vi{xi)), (47) 

then it is not clear, how the proofs from [20] can be adapted for this case. In 
contrast to it, the counterpart of the Theorem 3 in the summation case can 
be proved with the method, similar to the used in the proof of the Theorem 3, 
see [10]. However, the small-gain condition will have slightly another form. 
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6.1 Interconnections of linear systems 

The construction of ISS-Lyapunov function for the interconnections of finite- 
dimensional input-to-statc stable linear systems can be generalized to the case 
of interconnections of linear systems over Banach spaces. 

Let Xi, i = 1, . . . ,n he Banach spaces. Consider n systems of the form 

Xi = A,x,{t), i = l,...,n, (48) 

where Xi{t) G Xi, Ai : Xi ^ Xi is & generator of an analytic semigroup 
over Xi defined on D{Ai) c Xi. 

Assume that all systems (48) are 0-UGASa; and consider the following 
interconnection 

n 

Xi = AiXi{t) + ^ BijXj{t) + Ciu{t), i = l,...,n, (49) 

where Bij € L{Xj,Xi), i,j e {!,..., n} are bounded operators, u G Uc = 
PC{M.+ ,U) for some Banach space of input values U. We assume, that Ba = 0, 
i = 1, . . . . n. Otherwise we can always substitute Ai = Ai + Ba. 

Let us denote X = Xi x . . . x X„ and introduce the matrix operators 
A = diag{Ai,...,A„) : X ^ X, B = (S^ )jj=i,...,„ : X ^ X and C = 
(Ci, . . . ,Cn) ■ U ^ X . Then the system (49) can be rewritten in the following 
form 

x{t) = {A + B)x{t) + Cu{t). (50) 

Now we apply Lyapunov technique developed in this section to the system 
(49), for which we assume that Ai generates an analytic semigroup. 

From Theorem 3 and Lemma 1 we have, that z-th subsystem of (49) is 
ISS iff the analytic semigroup generated by Ai is exponentially stable. This is 
equivalent (see [3], Theorem 5.1.3) to the existence of a corresponding Lya- 
punov function 

Vi{xi) = {PiXi,Xi) , (51) 

where Pi € L{Xi) is a positive operator (linear self- adjoint bounded operator 
with {PiXi, Xi) > for all Xi € Xi), for which it holds that 

^AiXi, PiXi^ -\- i^PiXi, AiXi^ ^ ll'^illxi' ^ -^(-^i)* (^^) 

Note that in [3], Theorem 5.1.3 this result was stated with = instead of <, 
which is the equivalent formulation. 

Diff'erentiating Vi w.r.t. the i-th subsystem of (49), we obtain for all Xi G 
D{Ai) 

{{PiAiXi,x,) + {P,x^,A,x,)) + 2\\x^\\xm\\ + ll^^lllkllc/ • 
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Operator Pi is sclf-adjoint, hence it holds {PiAiXi,Xi) = {AiXi,PiXi) and by 
equahty (52) we obtain 

Now take e G (0, 1) and let 



XiWx. > ^ I Ell^^^llll^^ll^. + ll^^llll^ll^^ I • (53) 



1-e 

Then we obtain for all Xi G D{Ai) 



Viix,) < -e\\xi\\jc^. 

To verify this inequality for all Xi G Xi we use the same argument, as in the 
end of the proof of the Theorem 2 (here we use analyticity of a semigroup). 

Wc arc going to rewrite the condition (53) in the form (36). To this end 
we mention that it holds 

al\\xirx,<Vi{xi)<\\Pi\\\\xi\\% (54) 

for some € M. 

The estimate from above is evident. To obtain the estimate from below, 
note that Pi is self-adjoint operator, thus if such Ui exists, then it can be 
chosen as of ~ mi{Spec{Ai)} (see [21], p. 278). Operator Pi is positive, hence 
Spec{Pi) C (0, +00). The spectrum of Pi is closed and we conclude that af > 0. 

To be able to apply the small-gain theorem, we replace inequality (53) with 
the following one 

Vi(a;0 > 11^.11^(347)' l^E^y^+II^^IIIHI^j • (55) 

It is easy to see that (55) together with (54) imply (53). 
Thus, gains can be defined by: 

.«...^(^«)v.. 

for all z 7^ j, i = 1, . . . , n. If the small-gain condition for this choice of gains 
holds, we can conclude the ISS of the system (50). 

As a particular example consider the following system of interconnected 
linear reaction-diffusion equations 

^ = ci|^ + ai2.S2, xG{0,d),t>0, 
si(0,t) = si(d,t) = 0; 
^ = C2^+a2iSi, (0,d), i >0, 

S2{0,t) = S2{d,t) = 0. 
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We choose the state space as Xi = X2 = i2(0,rf). The operators At = 
with D{Ai) = HQ{0,d)r\H^{0,d), i = 1,2 are generators of the analytic 
semigroups for the corresponding subsystems. 

Both subsystems are ISS, moreover, Spec{Ai) = {— Cj (^) | n = 1, 2, . . .}, 
i = 1,2. 

Take -Pi = 2F (^) w^^i'® ^ is the identity operator on Xi. We have 



{AiS, Pis) + {PiS, Ais) = - ( - ) {AiS, s) 



2 



sdx 



2 rd /^x 2 

dx 



dx < -||s||i2(o,d)- 



In the last estimate we have used Priedrichs' inequality (see p. 67 in [24]). The 
Lyapunov functions for subsystems are defined by 



Vi{si) = {PiSi,Si) = -5- ( - 

ZCi XTT 



\si\\L^(o,dy Si e Xi. 



We have the following estimates for derivatives 



1 f d\ 

Vl(Sl) < -||Sl||i,(o,d) + — f -j |ai2|||Sl||L2(0,d)||S2||L2(0,d), 



1 f d 



^2(52) < -||S2||z„(0,d) + — - |a2l|||Si||L2(0,d)||S2||L2(0,d)- 



We choose the gains in the following way 

2 



712 = 





ai2 




1-e 



r, 721 (r) 



(9' 


021 




1-e 



We have 



^l(si) > 712 O ^2(32) <^ y^7l2(l)||s2||L2(0,d) < ||si||L2(0,<i) 



1 fd 



ci \7r 



|ai2|||s2||i,2(o,d) < (1 - e)||si||i,2(o,d)- 



Analogously, 



^2(52) > 721 o Vi{si) ) |a2i|||si|U2(o,d) < (1 - e)l|s2|U2(o,d)- 



We have the following implications: 
Vi(si) > 712 o 1/2(82) 

^2(^2) > 721 o Vi{s{) 



Vi(si)<-e||si||i,(o,, 



^2(52) < -£||s2||i. 



(0,d)- 
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The small-gain condition for the case of two interconnected systems can 
be equivalently written as 712 o 721 < Id (sec [8], p. 108). 



is satisfied, then the whole system (57) is 0-UGASa;. 
6.2 Nonlinear example 

Let us show the applicability of small-gain theorem to the nonlinear systems. 



We assume, that ci, C2, 6 are positive constants and C2 is close to zero. 

Thus, we choose the state space and space of input values for the first 

subsystem as Xi = L2{0,d), Ui ~ L4{0,d) and for the second subsystem as 
X2 = 1/4(0, d), U2 = -^2(0, d). The state of the whole system (59) is denoted 
hy X = XiX X2. 

Define operators Bi = Ci-^- These operators (together with Dirichlet 
boundary conditions) generate an analytic semigroup on .^2(0, d) and .^4(0, d) 
respectively (see, e.g. [26, Chapter 7]). 

For both subsystems take the set of input functions as Uca '■= C{[0, 00), Ui). 
We consider the mild solutions of the subsystems, that is the solutions Si, given 
by the formula (6). 



Note that S2 € C([0, 00), £4(0, rf)) ^ € C([0, 00), L2(0, rf)) and si e 
C([0, 00), L2(0, d)) ^ e C([0, 00), L4(0, d)). 



Under made assumptions the solution of the first subsystem (when S2 is 

treated as input) belongs to C([0, (X)),H^{0, d)nH'^{0, d)) C C([0, 00), 1.2(0, d)) 
and the solution of the second one belongs to 



C{[0,oo),WQ'\0,d)nW^''^{0,d)) C C([0,oo),i4(0,rf)). This implies, that the 



solution of the whole system is from the space C([0, T], X) for all T such that 
the solution of the whole system exists on [0, T]. The existence and uniqueness 
of the solution for all times will be proved for the values of parameters which 
establish ISS of the whole system, since this excludes the possibility of the 
blow-up phenomena. 

Both subsystems of (59) are ISS. We choose Vi, i = 1,2 defined by 




for arbitrary e > 0. Thus, if 




(58) 



^ = ci|^ + si, xe{0,d),t>0, 
si{0,t) = si{d,t) = 0; 

if =C2^-fo.S2 + v1^, XG{0,d),t>0, 

S2(0,t) =S2(d,t) =0. 



(59) 
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as ISS-Lyapunov functions for i-th subsystem. 
Consider the Lie derivative of Vi : 



dt 



Vi{si) = 2 J si{x,t) \ ci-^{x,t) + sl{x,t)\ dx 



< -2ci 



dsi 



dx 



i2(0,d) 



+ 2|killL(o,.)ll«2iii 



4(0,d) 



In the last estimation we have used Cauchy-Schwarz inequaUty. By Priedrichs' 
inequaUty, we obtain the estimation 

fviisi) < -2ci ||si|lL(o,<i) + nsi\\Uo4)\\^2\\Uo,d) 



-2ci Vi(si) + 2^/Vi{^^/V2{^ 



Take 



Xi2(r-) 



where £i e (0, 1) - arbitrary constant. We obtain 



r, Vr > 0, 



Vi{Si) > Xl2{V2{S2)) ^Vl(si)<-2£lCiQVi(si). 



Consider the Lie derivative of V2: 



d_ 
It 



1^2(52) = 4: J sl{x,t) {<^2-g^{x,t) - bs2{x,t) + ^/\si{x,t)\\ dx 

<-12c2^ dx - 4bV2{s2) + 4 sl{x,t)^/\sl{x,t)\dx 



Applying for the last term Holder inequality we obtain 
d 



dt 



V2iS2) < -46^2(52) +4(F2(S2))'/*(yi(si))l/4 



Let 



X2i(r-) 



1 



j-r, Vr > 0, 



a4(l-e2)4 

where £2 S (0, 1) - arbitrary constant. It holds the implication 

d 



dt 



V2{S2) < -46e2^2(S2). 



The small-gain condition leads us to the following condition 

Xi20X2i<Id ^ c?Q'(l-£i)V(l-£2)'>l ^ ci(^)'a2>l. 

This condition guarantees that the system (59) is 0-UGASa;. 
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7 Conclusion 

We have analyzed local and global ISS of infinite-dimensional control systems. 

Wc discussed the properties of linear ISS systems, and showed some differences 
between infinite- and finite-dimensional theory. For nonlinear systems with 
inputs Lyapunov methods and linearization principle have been developed. 
The small-gain theorem in terms of Lyapunov functions has been proved. 

The results were illustrated on examples of linear and semilinear reaction- 
diffusion equations. 
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